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Abstract

A detailed numerical study has been conducted in order to analyse the combined buoyancy effects of thermal and

mass diffusion on the turbulent mixed convection tube flows. Numerical results for air–water system are presented

under different conditions. A low Reynolds number k–e turbulent model is used with combined heat and mass transfer

analysis in a vertical heated tube. The local heat fluxes, Nusselt and Sherwood numbers are reported to obtain an

understanding of the physical phenomena. Predicted results show that a better heat transfer results for a higher gas flow

Reynolds number Re, a higher heat flux qw or a lower inlet water flow C0. Additionally, the results indicate that the

convection of heat by the flowing water film becomes the main mechanism for heat removal from the wall.

� 2003 Published by Elsevier Science Ltd.
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1. Introduction

Simultaneous heat and mass transfer between a thin

liquid film and gas/vapor stream are widely encountered

in practice such as; the evaporative cooling for waste

heat disposal, cooling towers and the protection of sys-

tem components from a high temperature gas stream.

The purpose of this article is to report on a study of

combined buoyancy effects of thermal and mass diffu-

sion on the turbulent mixed convection heat and mass

transfer in vertical heated tube.

The turbulent mixed convection heat transfer and

flow in vertical tube has been carried out by a number of

investigators. Nakajima et al. [1] investigate the turbu-

lent mixed convection between vertical parallel plates

subject to different wall temperatures. They adopted a

modified mixing length model to examine the effects of

aiding and opposing buoyancy forces on fully turbulent

forced convection. Recently, Tanaka et al. [2] applied a

slight variant of the Jones and Launder [3] turbulence

model against their data for heated ascending flow of
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nitrogen and found generally good agreement between

measured and calculated Nusselt number. Cotton and

Jackson [4] found that the low Reynolds number k–e
model of Launder and Sharma [5] (a re-optimisation of

the Jones and Launder model [3]) for developing flow in

a tube show close agreement with a range of experi-

mental heat transfer data and flow profile measurements

for air.

The detailed analysis, including transport processes

in the flowing gas, was performed by Lin et al. [6] and

Tsay and Yan [7]. They analysed the influence of wetted

wall on laminar mixed convection heat and mass

transfer in vertical ducts. In their analyses, the liquid

film on the wetted wall was assumed to be extremely thin

so that it was regarded as a boundary condition for heat

and mass transfer only. Yan [8] published a study to

investigate the turbulent mixed convection flow in a

vertical channel under the simultaneous influence of the

combined buoyancy forces of thermal and mass diffu-

sion. A similar study was conducted by Fedorov et al. [9]

to analyse the combined heat and mass transfer in an

asymmetrically heated, parallel plates vertical channel.

As far as mixed convection heat and mass transfer

including transport process in both gas flow and liquid
ce Ltd.



Nomenclature

C1, C2 constants in production, sink terms of

e-equation
Cl constant in constitutive equation of k–e

model

cp specific heat [J kg�1 K�1]

cpa specific heat of air [J kg�1 K�1]

cpv specific heat of water vapour [J kg�1 K�1]

D mass diffusivity [m2 s�1]

d diameter of the tube [m]

f2 function in sink term of e-equation
fl function in constitutive equation of k–e

model

g gravitational acceleration [m s�2]

hM masse transfer coefficient [m s�1]

hT heat transfer coefficient [Wm�2 K�1]

k turbulent kinetic energy [m2 s�2]

_mmI evaporating mass flux [kgm�2 s�1]
_MM gas mass flow rate [kgm�1 s�1]

Mr dimensionless film evaporation rate (see Eq.

35)

Ma molar mass of air [kgmol�1 K�1]

Mv molar mass of vapour [kgmol�1 K�1]

Nu‘ local Nusselt number of latent heat trans-

port (see Eq. 26)

Nus local Nusselt number of sensible heat

transport (see Eq. 25)

Nuz overall Nusselt number (see Eq. 24)

p mixture pressure [Pa]

pd dynamic pressure [Pa]

Pr Prandtl number at inlet, m0=a0

qw wall heat flux [Wm�2]

qI total heat flux [Wm�2]

q‘I latent heat flux [Wm�2]

qsI sensible heat flux [Wm�2]

r co-ordinate in r-direction [m]

R radius of the tube [m]

Re Reynolds number of the gas stream, u0d=m0
ReL inlet liquid film Reynolds number, 4C0=

ðpdl0Þ
Ret turbulent Reynolds number, k2=ðm~eeÞ
Sc Schmidt number at inlet, m0=D0

Shz interfacial Sherwood number (see Eq. 27)

T temperature [K]

TL0 inlet liquid film temperature [K]

T0 inlet temperature [K]

u axial velocity [m s�1]

v radial velocity [m s�1]

w mass fraction of vapour

W dimensionless mass fraction of vapour,

ðw� w0Þ=ðwI � w0Þ
y normal distance from the wall, R� r [m]

z dimensional axial co-ordinate [m]

Z dimensionless axial co-ordinate, z=d

Greek symbols

a thermal diffusivity [m2 s�1]

C0 inlet liquid mass flow rate [kgm�1 s�1],R R
R�d0

ð2prquÞL dr
dz local liquid film thickness [m]

h dimensionless temperature, ðT � T0Þ=
ðTw � T0Þ

~ee rate dissipation of k [m2 s�3]

c latent heat of vapourisation [J kg�1]

k thermal conductivity [Wm�1 K�1]

l dynamic viscosity [kgm�1 s�1]

m kinematics viscosity [m2 s�1]

q density [kgm�3]

/ relative humidity at inlet

rt turbulent Prandtl number

rw turbulent Schmidt number

rk, re turbulent Prandtl number for diffusion of k
and e

Subscripts

a air

b bulk quantity

I condition at the gas–liquid interface

G mixture (gas + vapour)

L liquid film

0 condition at inlet

t turbulent

v vapour

w condition at wall
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film in vertical ducts is concerned, Yan [10] published a

study to investigate the effect of finite film thickness on

the laminar mixed convection heat and mass transfer in

a vertical pipe. He found that the assumption of an

extremely thin film is only valid for a system with a small

liquid mass flow rate. The evaporative cooling of liquid

film in natural convection channel flows was explored by

Yan et al. [11,12] and in mixed convection tube flows by

Feddaoui et al. [13]. Their results show that the liquid
film cooling is mainly caused by latent heat transfer

associated with its evaporation. Studies of combined

heat and mass transfer in turbulent gas flow over a va-

porizing liquid film was simultaneously performed by

Shembharkar and Pai [14] and Baumann and Thiele [15].

In addition, Wongwises and Naphon [16] carried out an

experimental and theoretical study of the heat and mass

transfer characteristics for the vertical counter-current

annular flow. A theoretical model based on a high
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Reynolds number k–e turbulence was proposed. Yan

[17] numerically examined the effects of thermal and

solutal buoyancy forces of combined heat and mass

transfer in a vertical channel. In his study he applied a

low Reynolds number k–e turbulent model in the gas

stream to predict the turbulent flow. Additionally He

et al. [18] considered a vertical tube with liquid water

film cooling. The gas flow was considered to be turbu-

lent and the liquid film was assumed to be laminar.

Despite its importance in many engineering applica-

tions, the turbulent mixed convection heat and mass

transfer in a vertical tube have not received much at-

tention. This motivates the present work which examines

the cocurrent turbulent convection heat and mass

transfer in a vertical heated tube with thermal and sol-

utal buoyancy effects.
2. Problem formulation

2.1. Physical model and assumption

The physical model under consideration and the co-

ordinates are shown schematically in Fig. 1. The tube

wall is subjected to a uniform heat flux. The liquid film is

fed with an inlet liquid temperature TL0, and inlet liquid

mass flow rate C0. The air–water mixture enters the tube

at temperature T0, and at constant velocity u0. The flow
Fig. 1. Schematic diagram of the physical system.
is considered to be turbulent and steady. The following

additional assumptions are made in the analysis:

1. The flow is considered to be incompressible and axi-

symmetric.

2. The thermodynamic and thermophysical properties

of air and air–water vapor mixture are function of

both local temperature and concentration. Complete

details on the evaluation of these properties are given

in Appendix A.

3. Radiation heat transfer, viscous dissipation and other

secondary effects are negligible.

4. The thermodynamic equilibrium is assumed at the

air–water film interface when computing the mass

fraction of water vapor.

5. The Reynolds number of the water film flow is as-

sumed to be lower than the critical value of ReLc ¼
1500 for laminar conditions quoted by Ueda and

Tanaka [19].

6. The inertial terms are neglected in the momentum

equation of the liquid film as compared with the dif-

fusional term. Moreover, for the thin liquid film the

axial transfers of momentum and energy are smaller

than those in the radial direction [14,15,20]. The pres-

sure gradient is also neglected.

7. The air–water interface is assumed smooth and with-

out any waves on the surface on the water film.

2.2. Model equations

As a preliminary study, consideration is given to a

system with low liquid mass flow rate that the liquid film

may flow laminarly. As shown in the study of Dukler

[21], the surface waves on a falling liquid film appear at

ReL > 16. Due to the complexity of the wave motion, an

assumption of the time-wise steady film thickness used in

numerous investigations [22,23], is also adopted in the

present study. Therefore, the two-dimensional boundary

layer flow in the liquid film is expressed by the following

equations:

• Momentum

1

r
o

or
rlL

ouL
or

� �
þ qLg ¼ 0 ð1Þ

• Energy

qLcpLuL
oTL
oz

¼ 1

r
o

or
rkL

oTL
or

� �
ð2Þ

With the above assumptions, the steady two-dimen-

sional turbulent boundary layer flow in the gas side is

governed by the following conservation equations:

• Continuity

o

oz
ðrqGuGÞ þ

o

or
ðrqGvGÞ ¼ 0 ð3Þ
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• Momentum

qG uG
ouG
oz

�
þ vG

ouG
or

�

¼ � dpd
dz

þ 1

r
o

or
rðlG

�
þ lGtÞ

ouG
or

�
þ ðqG � q0Þg

ð4Þ

• Energy

qGcpG uG
oTG
oz

�
þ vG

oTG
or

�

¼ 1

r
o

or
rcpG

lG

PrG

��
þ lGt

rt

�
oTG
or

�
ð5Þ

• Species concentration

qG uG
ow
oz

�
þ vG

ow
or

�
¼ 1

r
o

or
r

lG

ScG

��
þ lGt

rw

�
ow
or

�
ð6Þ

In the gas flow, the total absolute pressure is p ¼
pd þ p0 þ q0gz thus the pressure gradient in Eq. (4) can

be written as dp=dz ¼ ðdpd=dzÞ þ q0g. It is noted in Eq.

(4) that the third term on the right-hand side represents

the buoyancy forces due to the variations in temperature

and concentration.
2.3. Turbulence model

For simulation of turbulence in the gas flow, a low

Reynolds number k–e turbulence model proposed by

Launder and Sharma [5] is adopted to eliminate the

usage of wall functions in the computation and thus to

permit direct integration of the transport equations to

the gas–liquid interface [4,18]. The local turbulent vis-

cosity is determined from the solution of transport

equations for the turbulent kinetic energy, k, and the

energy dissipation rate, ~ee. Cast in cylindrical polar co-

ordinates, the equations of the model are as follows.
2.3.1. Constitutive equation

Turbulent viscosity is expressed in terms of k and ~ee by

ltG ¼ ClflqGk
2=~ee ð7Þ
2.3.2. k-transport

qGuG
ok
oz

þ qGvG
ok
or

¼ 1

r
o

or
r lG

��
þ lGt

rk

�
ok
or

�

þ lGt

ouG
or

� �2

� qGð~ee þ DeÞ ð8Þ
2.3.3. e-transport

qGuG
o~ee
oz

þ qGvG
o~ee
or

¼ 1

r
o

or
r lG

�"
þ lGt

re

�
o~ee
or

#
þ C1

~ee
k
lGt

ouG
or

� �2

� qGC2f2
~ee2

k
þ 2lGlGt

qG

o2uG
or2

� �2

ð9Þ
2.3.4. Model constants and functions

The various constants and functions employed in the

turbulence model are given as follows:

f2 ¼ 1� 0:3 expð�Re2t Þ;
fl ¼ exp½�3:4=ð1þ Ret=50Þ2�

ð10Þ

~ee ¼ e � De; De ¼ 2mG
ok1=2

or

� �2

ð11Þ

C1 ¼ 1:44; C2 ¼ 1:92; Cl ¼ 0:09

rk ¼ 1:0; re ¼ 1:3; rw ¼ rt ¼ 0:9
ð12Þ

In the above, Ret is the turbulent Reynolds number

given by Ret ¼ k2=m~ee.
Because the flow involves combined heat and mass

transfer, turbulent Prandtl and Schmidt numbers must

be specified. Calculations with a constant value of

rt ¼ 0:9 across the boundary layer show no pronounced

effect on the heat transfer coefficient (i.e., Stanton

number) and the temperature distributions [24]. There-

fore, a value of rw ¼ rt ¼ 0:9 is used in the calculations.

2.4. Boundary and interfacial matching conditions

The boundary conditions for this marching type

problem are:

z ¼ 0 : uG ¼ u0; TG ¼ T0; w ¼ w0

k0 ¼ 3=2ðI0u0Þ2; ~ee0 ¼ Clk
3=2
0 =0:03R

ð13Þ

where I0 is the turbulence intensity at the inlet of the

tube.

r ¼ 0 :
ouG
or

¼ 0;
oTG
or

¼ 0;
ow
or

¼ 0

ok
or

¼ 0;
o~ee
or

¼ 0

ð14Þ

r ¼ R : uL ¼ 0; kL

oTL
or

¼ qw ð15Þ

The solution from the liquid side and gas side satisfy the

following interfacial matching conditions ðr ¼ R� dzÞ:

(a) Continuities of velocity and temperature

uIðzÞ ¼ uG;I ¼ uL;I; TIðzÞ ¼ TG;I ¼ TL;I ð16Þ
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(b) Velocity of air–water vapor mixture at the interface

The radial velocity component is non-zero due to the

generation of vapor at the interface. Assuming that

the gas–liquid interface is semi-permeable [25]. That

is, the solubility of air in liquid film is negligibly

small so that the air does not move radially at the

interface, the velocity of the air–vapor mixture can

be written as

vI ¼ �ðDþ DtÞ
ð1� wIÞ

ow
or

ð17Þ

(c) The vapor fraction at the interface

By assuming that the interface is at thermodynamic

equilibrium and the air–water vapor mixture is an

ideal gas mixture, the mass fraction of water vapor

wI can therefore be calculated using

wI ¼
Mvpv;I

Maðp � pv;IÞ þMvpv;I
ð18Þ

where p and pv;I are the total pressure and the vapor

pressure at the interface, respectively. Ma and Mv are

the molecular weights of air and vapor.

(d) Continuity of shear stress

sI ¼ l
ou
or

� �
L;I

¼ ðl
�

þ ltÞ
ou
or

�
G;I

ð19Þ

(e) Heat balance at the interface implying

k
oT
or

� �
L;I

¼ ðk
�

þ ktÞ
oT
or

�
G;I

þ _mmI:c ð20Þ

where c is the enthalpy of evaporation and _mmI, the

vapor generation rate (¼ �qGvI).
At the gas–liquid interface the values for uI and TI are
calculated from Eqs. (19) and (20), also the inter-

facial blowing velocity and vapor concentration can

be calculated from Eqs. (17) and (18) after the tem-

perature at the interface is known. The total pres-

sure at the interface is determined by assuming that

the interface is in thermodynamic equilibrium, the

relation between the saturated temperature and sat-

urated pressure is described by Clausius–Clapeyron

equation. A convenient set of correlation�s used here

for calculating the saturated pressure at a specified

saturated temperature was developed by Fujii et al.

[26], given by Antoin�s correlation as

logðpv;I=221:2Þ ¼ �f3:1323þ 3:116	 10�6

	 ð210� TIÞ2:066g
647:3

TI þ 273:15

�
� 1

�
ð21Þ
for 0 �C < TI < 210 �C.

(f) Turbulence parameters at the interface

Since the water flow is assumed to be steady and

laminar, we treat the water–gas interface as a solid
wall with transpiration [18]; that is, we set the con-

ditions:

kI ¼ 0; ~eeI ¼ 0 ð22Þ
2.5. Heat and mass transfer parameters

The local heat exchange between the air stream and

the liquid film depends on two related factors: the in-

terfacial temperature gradient on the air side results in

sensible convective heat transfer, and the evaporative

mass transfer rate on the liquid film side results in latent

heat transfer [9,27]. The total convective heat transfer

rate from the film interface to the air stream can be

expressed as follows:

qI ¼ qsI þ q‘I

¼ cpðl=Pr
�

þ l=rTÞ
oT
or

�
G;I

þ ðl=Scþ lt=rwÞ
ð1� wIÞ

ow
or

� �
G;I

� c ð23Þ

For the purpose of generalizing the heat transfer results,

the local Nusselt number along the gas–liquid interface

is defined as

Nuz ¼
hTð2RÞ

kG

¼ qIð2RÞ
kGðTI � TbÞ

¼ Nus þ Nu‘ ð24Þ

where Nus and Nu‘ are the local Nusselt numbers for

sensible and latent heat transfer, respectively, and are

expressed as follows:

Nus ¼
qsIð2RÞ

kGðTI � TbÞ
ð25Þ

Nu‘ ¼
q‘Ið2RÞ

kGðTI � TbÞ
ð26Þ

Basing the local mass-transfer coefficient on the diffusive

mass flux, the local Sherwood number is defined as:

Shz ¼
hMð2RÞ

D
¼ _mmIð1� wIÞð2RÞ

qGDðwI � wbÞ
ð27Þ

where the subscript b denote the bulk quantities, the

local bulk temperature Tb and mass fraction wb in the

channel are, respectively, defined as follows:

Tb ¼
Z R�dz

0

qGcpGruGTG dr
Z R�dz

0

qGcpGruG dr
	

ð28Þ

and

wb ¼
Z R�dz

0

qGruGwdr
Z R�dz

0

qGruG dr
	

ð29Þ
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3. Numerical method

In view of the impossibility of obtaining an analytical

solution for the non-linear coupled differential equa-

tions, the problem defined by the parabolic system of

equations (1)–(6) with the appropriate boundary con-

ditions are solved by a finite difference numerical

scheme. A fully implicit numerical scheme in which the

axial convection terms are approximated by the back-

ward difference and the radial convection and diffusion

terms by the central difference is employed to transform

the governing equations into finite-difference equations.

Each system of the finite-difference equations forms a

tridiagonal matrix equation, which can be efficiently

solved by the TDMA method [28]. In the centreline

ðr ¼ 0Þ of the tube, the diffusional terms are singular. A

correct representation can be found from an application

of L�Hospital�s rule.

3.1. Marching procedure

After specifying the flow and thermal conditions, the

numerical solution is advanced forward and step by step

as follows:

(1) For any axial location z, guess the values of dpd=dz
and dz.

(2) Solve the finite-difference forms of Eqs. (1) and (4)

simultaneously for velocities uL and uG.
(3) Integrate numerically the continuity equation of the

gas stream to find vG:

vG ¼ � 1

qG

1

r
o

oz

Z r

0

qGuGrdr ð30Þ

(4) Solve the finite-difference forms of Eqs. (2) and (5)

for temperatures TL and TG.
(5) Solve the finite-difference forms of Eq. (6) for mass

fraction of vapor w.
(6) Solve the finite-difference forms of Eqs. (8) and (9)

for turbulent kinetic energy and the energy dissipa-

tion rate, k and ~ee.
(7) Check the satisfaction of the overall conservation of

mass in both gas flow and liquid film. If the follow-

ing criteria:Z R�dz

0

rqGuGdr






 � ðR� d0Þ2

2
q0u0

"
�
Z z

0

qGvI dz

#




,
ðR� d0Þ2

2
q0u0 < 10�4 ð31aÞ

and

C0





 �
Z R

R�dz

ðrqudrÞL
�

�
Z z

0

qGvI dz
�




	

C0 < 10�4

ð31bÞ
are met, then test the convergence of the velocity,

temperature, turbulent kinetic energy and the dissi-

pation of turbulent kinetic energy fields. If the max-

imum relative errors between two consecutive

iterations satisfy the criterion:

jwn
i;j � wn�1

i;j jmax=jw
n
i;jjmax < 10�4 ð32Þ

where w represents the variables u, T , w, k and ~ee.

The solution for the current axial location is com-

plete. Now if Eq. (32) is not simultaneously met, re-

peatedly solve the finite-difference equations for u, v, T ,
w, k and ~ee in the gas stream and liquid film until the

condition specified in Eq. (32) is fulfilled. If Eqs. (31) are

not satisfied, adjust dpd=dz and dz and repeat procedures

1–7 for the current axial location.

3.2. Velocity and pressure coupling

The correction of the pressure gradient and axial

velocity profile at each axial station in order to satisfy

the global mass flow constraint is achieved using a

method proposed by Raithby and Schneider [29],

described by Anderson et al. [30]. To illustrate, we will

let S ¼ �dp=dz. We make an initial guess for

ð�dp=dzÞ ¼ ð�dp=dzÞ and calculate provisional veloc-

ities ðunþ1
j Þ and a provisional gas mass flow rate

ð _MMnþ1
i Þ. Due to the linearity of the momentum equation

with frozen coefficients, the correct velocity at each point

from an application of Newton�s method would be

unþ1
j ¼ ðunþ1

j Þ þ
ounþ1

j

oS
DS ð33Þ

where DS is the change in the pressure gradient required

to satisfy the global mass flow constraint. We define

unþ1
p;j ¼ ounþ1

j =oS. The difference equations are actually

differentiated with respect to the pressure gradient (S) to
obtain difference equations for unþ1

p;j which are tridiago-

nal in form. The coefficients for the unknowns in these

equations will be the same as for the original implicit

difference equations. The Thomas algorithm is used to

solve the system of algebraic equations for unþ1
p;j . The

boundary conditions on unþ1
p;j must be consistent with

the velocity boundary conditions. On boundaries where

the velocity is specified, unþ1
p;j ¼ 0. The solution for unþ1

p;j is

then used to compute DS by noting that unþ1
p;j DS is the

correction in velocity at each point required to satisfy

the global mass flow constraint. Thus we can write:

_MMnþ1
i � _MMn

i ¼ 2pDS
Z R�dz

0

rqunþ1
p;j dr ð34Þ

where the integral is evaluated by numerical means. The
_MMnþ1
i in Eq. (34) is the known value specified by the

initial conditions. The required value of DS is deter-

mined from Eq. (34). The correct values of velocity unþ1
j



M. Feddaoui et al. / International Journal of Heat and Mass Transfer 46 (2003) 3497–3509 3503
can then be determined from Eq. (33). The continuity

equation is then used to determine vnþ1
j .
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N
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 Present study

Fig. 2. Local Nusselt number Nuz along the channel for

Re ¼ 2	 104.
3.3. Grid pattern

The liquid film thickness dz decrease with z due to the

film evaporation, therefore, during the downstream

marching at each iteration, the finite difference compu-

tational grid used must comply with the variations of

computation domains with z. This was accomplished by

first locating the interface at every axial location, and

then dividing the film and gas regions into NL and NJ

points, respectively. The interface position has to be

recalculated during iteration by satisfying the overall

conservation of mass in the liquid film.

To obtain enhanced accuracy in the numerical com-

putations, grids are chosen to be non-uniform in both

axial and radial directions. Accordingly the grids are

compressed towards the interface gas–liquid (the first

node in the gas side should be located in the viscous

sublayer at most less than one from the interface) and

towards the entrance of the tube. The non-uniformity

of the grid is described here in detail––each grid spacing

is increased by a fixed percentage from the centreline of

the tube in r direction and from the top of tube in z
direction. This results is a geometric progression in the

size of the spacing. The scheme maintains a constant

ratio between two adjacent increments, Dziþ1 ¼ 1:04Dzi;
in axial direction, Drjþ1 ¼ 0:99Drj; in the liquid film and
Table 1

Comparisons of local interfacial Nusselt and Sherwood numbers fo

kgm�1 s�1, Re ¼ 14000

z=d 4.279 6.946 20.963

51	 51	 11

Nuz 902.29 510.77 235.51

Shz 39.68 36.91 33.59

51	 101	 21

Nuz 936.08 537.83 239.18

Shz 39.15 36.28 32.96

101	 101	 21

Nuz 926.27 540.26 239.22

Shz 38.89 36.33 32.97

101	 151	 31

Nuz 956.29 553.28 241.67

Shz 39.01 36.40 33.02

201	 151	 31

Nuz 967.46 561.74 242.92

Shz 39.11 36.49 33.02

201	 201	 41

Nuz 981.15 568.31 244.53

Shz 39.19 36.56 33.08
Drjþ1 ¼ 1:005Drj; in the gas flow. Here j is the jth radial

grid point.

During the program tests, solutions for typical case

were obtained using different grid sizes to ensure that the

solution is grid-independent. The results from the com-

putation from various grids arrangement are given in

Table 1. It is noted that the differences in the local

Nusselt and Sherwood numbers from computations

using either 201	 201	 41 or 101	 101	 21 grids are

always less then 5%. Thus, to reduce the cost of com-

putation, the grid 101	 101	 21 is adequate for the

calculations presented in this paper.
r various grid arrangements and qw ¼ 2500 Wm�2, C0 ¼ 0:02

50.354 75.506 100.0

194.89 206.21 228.05

32.31 31.89 31.73

193.06 201.83 221.83

31.79 31.39 31.20

192.60 201.63 221.98

31.79 31.38 31.22

192.82 201.08 220.73

31.87 31.46 31.28

194.93 201.25 220.79

31.89 31.45 31.29

192.99 201.22 220.29

31.95 31.53 31.35
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In Fig. 2 the present predictions of local Nusselt

number Nuz are compared with the prediction of Yan

[17] for the case of liquid film evaporation in turbulent

mixed convection flows in the vertical channel. In his

study, a low Reynolds number k–e turbulence model

proposed by Myong and Kasagi [31] was used. The

difference between the present analysis and the predic-

tion of Yan is essentially due to the turbulence model

used in two studies. Through these program test, the

proposed numerical algorithm is considered to be suit-

able for the practical purpose.
4. Results and discussion

In order to examine the effects of flow conditions on

the film cooling mechanism on mixed convection heat

and mass transfer in a vertical tube, results are presented

for water film evaporation. The following set of condi-

tions are selected in the computation: the relative hu-

midity of the ambient air is assigned as 50% at T0 ¼ 20

�C and 1 atm along a vertical tube with a radius

R ¼ 0:03 m. The liquid flow rate C0 is chosen to be 0.01,

0.02 or 0.04 kgm�1 s�1, and the inlet gas stream Rey-

nolds number Re is 7000, 14 000 or 20 000.

The evolutions of the axial normalized velocity pro-

files along the tube are illustrated in Fig. 3 for various

conditions. The imposed uniform inlet velocity profiles

gradually adapts itself to a developed turbulent one. The
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Fig. 3. Distributions of axial velocity profiles at different lo-

cations.
temperature and mass fraction changes near the gas–

liquid interface have significant effects on the corre-

sponding velocity profiles, since the three fields are

coupled. Thus, when the buoyancy effect becomes im-

portant at higher qw or lower Re, at the exit of the tube,
the negative velocities occurs for y=R < 0:2. In this case

the flow is predicted to be partially laminarized. It is also

noticed that an increase in qw or a decrease in Re would
result in higher axial normalized velocity. Thus a greater

amount of water evaporates into the air for higher qw or

lower Re, and a larger buoyancy effects through thermal

diffusion is obtained.

Figs. 4 and 5 present the axial temperature and mass

fraction developments, respectively. For a given axial

position, the temperature and concentration of the water

film is relatively high at inlet. The fluid temperature and

concentration increase monotonically with distance

from the tube. A higher temperature distribution (Fig. 4)

results for a higher qw or a lower Re, this is due to the

effects of buoyancy influences and mass diffusion, which

appears under these conditions. From the gradient of

concentration (Fig. 5) it is apparent that vapor is being

transported away from the water film surface at all lo-

cation along the tube. It is interesting to observe that

both temperature and mass fraction develop in very

similar fashion, except that the concentration boundary

layer develops some what more rapidly than the thermal

boundary layer does. In the case of low Reynolds

number, the effect of buoyancy is very pronounced, and
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Fig. 4. Distributions of axial temperature profiles at different

locations.



Fig. 6. Axial distributions of interfacial temperature and mass

fraction.
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Fig. 5. Distributions of axial mass fraction profiles at different

locations.
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may lead to the laminarisation of the flow under certain

conditions. This is clearly reflected in the value of

Nusselt number. For that case, it is reduced to about

one-third of that for forced convection under corre-

sponding conditions of flow rate. Both the convective

heat transfer from the interface and that due to evapo-

ration are considerably impaired.

Fig. 6 shows the distributions of interfacial temper-

ature and mass fraction of water vapor along the gas–

liquid interface. The results indicate that the interfacial

temperature increase monotonically in the flow direc-

tion. This feature is due to the fact that the water film

absorbs sensible heat from the gas stream as the liquid

film falls along the tube. As expected, the interfacial

temperature is higher for a smaller inlet liquid mass flow

rate. Therefore, the corresponding mass fraction, is also

larger for systems with lower C0.

The relative importance of the sensible and latent

heat exchanges along the tube is illustrated in Fig. 7. It is

noted that both the sensible and latent heat exchanges

increase in the flow direction, but decrease with the

liquid flow rate C0. It is worth noting that at C0 ¼ 0:01
kgm�1 s�1, qs=qw is always below 10%, but q‘=qw can be

above 60%. Also, for a given liquid mass flow rate, the
Fig. 7. Distributions of local dimensionless heat transfer rates

along the tube: (a) interfacial sensible heat flux; (b) interfacial

latent heat flux.



Fig. 8. Effects of liquid mass flow rate on the interfacial Nusselt

numbers: (a) sensible heat Nusselt number; (b) latent heat

Nusselt number.

Fig. 9. Effects of liquid mass flow rate on the interfacial mass

evaporation rate and Sherwood number distributions.

Fig. 10. Effects of wall heat flux qw and Reynolds number of

gas stream Re on the interfacial Nusselt number.
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latent heat exchange is about five times larger than the

sensible heat exchange.

For more detailed analysis of heat and mass transfer

characteristics at the interface, the variation of local

Nusselt numbers of sensible and latent heat flux at the

interface are shown in Fig. 8 for various inlet liquid mass

flow rate. A slight smaller Nus is noted for a higher C0 at

the exit of the tube. Also shown from Fig. 8(b) that near

the entrance (z=d < 25) a larger latent Nusselt number

results for a lower inlet liquid mass flow rate, but as the

flow goes downstream (z=d > 40) the reverse trend is

noticed. This is due to the larger shearing effect created

by the falling liquid film for a larger C0. These results

clearly indicate that the magnitude of Nu‘ is much larger

than that of Nus, implying that the heat transfer resulting

from latent heat exchange is much more effective.

The distributions of the interfacial mass evaporation

rate and Sherwood number are presented in Fig. 9 for

various C0 to illustrate the mass transfer characteristics.

A reduction in the film flow rate causes a greater film

evaporation and _mmI increase with z=d in the downstream

region. These outcomes apparent result from the higher

interface temperature at smaller C0. The change in the

flow rate has a smaller influence on the Sherwood

number variations.
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Fig. 12. Distributions of dimensionless accumulated evapora-

tion rate Mr along the tube.
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Fig. 10 gives the influence of the wall heat flux qw and

inlet Reynolds number of the gas stream Re on the

distributions of the interfacial Nusselt number Nuz. A
larger Nuz results for systems having a lower wall heat

flux, but at the exit of the tube (z=d > 70) the reverse

trend is noticed. Fig. 10(b) shows that Nuz is larger for a
higher Re, which implies that heat transfer is more ef-

fective in forced convection. This confirms the general

concept that, for turbulent forced convection, the heat

transfer is large for a higher Re.
It is of interest to investigate the effects of the wall

heat flux and inlet Reynolds number on the mass

transfer coefficients. Fig. 11 shows that near the en-

trance, Shz converges to a single constant value of 31.25.

The Sherwood number is slightly influenced by the

change in the wall heat flux (Fig. 11(a)). The results in

Fig. 11(b) indicate that a larger Shz is noted for systems

with a higher Re. This outcomes apparently results from

the large interfacial evaporating rate for a higher Re,
which in turn results in a larger Sherwood number Shz.
This is due to the larger evaporating (blowing) effect

along the gas–liquid interface.

In order to quantify the film evaporation a dimen-

sionless accumulated mass evaporation rate Mr is in-

troduced.
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Fig. 11. Effects of wall heat flux qw and Reynolds number of

gas stream Re on the variations of Sherwood number.
Mr ¼
Z z

0

_mmI dz
	

C0 ð35Þ

The distribution of Mr for various cases are depicted in

Fig. 12. The larger film evaporation is found for systems

for higher qw or higher Reynolds number Re. Also

mentioning that a reduction in the inlet liquid film cause

a greater film evaporation and Mr increase with z=d as

the flow goes downstream. It is interesting to note that

the largest accumulated mass evaporation rate Mr is

about 3%. This clearly indicates the larger latent heat

transport in connection with the greater liquid film

evaporation.
5. Conclusion

The turbulent mixed convection heat and mass

transfer in a vertical tube has been numerically studied

by solving the respective governing equations for the

liquid film and the gas stream coupled through the in-

terfacial matching conditions. The effects of the inlet

liquid flow rate C0, wall heat fluxes qw and gas stream

Reynolds number Re on the momentum heat and mass

transfer in the flow are investigated in detail. Based on

the numerical results obtained, the main conclusions

from the study are summarized as follows:

1. The Launder and Sharma turbulence model is gener-

ally able to respond well to the influences present on

turbulence under the mixed convection prevailing in

the complex combined heat and mass situation con-

sidered in this study.

2. The interfacial temperature and water vapor concen-

tration is higher for a smaller inlet liquid flow rate C0.

3. A larger heat and mass transfer results for systems

with larger qw or lower Re, this brought by the greater
film evaporation and the larger buoyancy effects.
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4. The magnitude of latent heat Nusselt number Nu‘ is
much larger than that of sensible Nusselt number

Nus. This implies that heat transfer along the gas–

liquid interface is dominated by the latent heat trans-

fer in conjunction with the liquid film evaporation.

5. The convection of heat by the flowing liquid film be-

comes the main mechanism for heat removal from the

heated tube.
Appendix A

The properties of air, water vapour, their mixture

and liquid water are calculated by the following for-

mulas [26]:

Air: component 2

l2 ¼ 1:488	 10�6 � T 1:5=ð118þ T Þ ðkg=msÞ ðA:1Þ

k2 ¼ 1:195	 10�3 � T 1:6=ð118þ T Þ ðW=mKÞ ðA:2Þ

Cp2 ¼ ð1þ 2:5	 10�10 � T 3Þ 	 103 ðJ=kgKÞ ðA:3Þ

Water vapour: component 1

l1 ¼ ½8:02þ 0:0407ðT � 273:16Þ� 	 10�6 ðkg=msÞ
ðA:4Þ

k1 ¼ ½1:87þ 0:65	 10�3ðT � 273:16Þ9=7

þ 5:7	 10�13ðT � 273:16Þ5:1� 	 102 ðW=mKÞ
ðA:5Þ

Cp2 ¼ 1:863	 103 þ 1:65	 10�3ðT � 273:16Þ2:5

þ 1:2	 10�18ðT � 273:16Þ8:5 ðJ=kgKÞ ðA:6Þ

Mixture (Air + Water vapour):

Density:

Under the assumption that the mixture of gas and

water vapour behaves like a perfect gas, the density of

the mixture can then be evaluated by the following re-

lation:

q ¼ p RT
w
M1

��	
þ 1� w

M2

��

¼ 12:0279p

T w
M1

þ 1�w
M2

�  ðkg=m3Þ ðA:7Þ

where the molecular weights of air and water vapour are

M2 ¼ 28:96 (kg/Kmol) and M1 ¼ 18:02 (kg/Kmol), re-

spectively.

l ¼ l1

1þ x2
x1

� 
/12

þ l2

1þ x1
x2

� 
/21

ðkg=msÞ ðA:8Þ

where x1 and x2 are the mole fractions of air and water

vapour, respectively.
/ij ¼
½1þ ðli=ljÞ

0:5ðMj=MiÞ0:25�2

½8ð1þMi=MjÞ�0:5
ðA:9Þ

k ¼ k1

1þ x2
x1

� 
/12

þ k2

1þ x1
x2

� 
/21

ðW=mKÞ ðA:10Þ

where /12 and /21 are identified to those that appeared

in the viscosity equation (A.8).

Cp ¼ Cp1w1 þ Cp2ð1� w1Þ ðJ=kgKÞ ðA:11Þ

D ¼ 8:07	 10�10 � T 1:833 ðm2=sÞ ðA:12Þ

Liquid water

qL ¼ 103

1þ 8:7	 10�6ðT � 273:16Þ1:85
ðkg=m3Þ ðA:13Þ

lL ¼ 2:4	 10�5 	 10C ðkg=msÞ ðA:14Þ

where

C ¼ 251

135þ ðT � 273:16Þ

kL ¼ 0:6881� 4	 10�6ð408:16� T Þ2:1 ðW=mKÞ
ðA:15Þ

CpL
¼ 4:179	 103 þ 7:9	 10�5ðT � 283:16Þ2:9 ðJ=kgKÞ

ðA:16Þ

In the above equations the units for temperature and

pressure are Kelvin and bars, respectively.
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